	Graphical Method of Solution of a Linear Programming Problem 
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	So far we have learnt how to construct a mathematical model for a linear programming problem. If we can find the values of the decision variables x1, x2, x3, ..... xn, which can optimize (maximize or minimize) the objective function Z, then we say that these values of xi are the optimal solution of the Linear Program (LP).

	

	The graphical method is applicable to solve the LPP involving two decision variables x1, and x2, we usually take these decision variables as x, y instead of x1, x2. To solve an LP, the graphical method includes two major steps. 

	 

	a) The determination of the solution space that defines the feasible solution.  Note that the set of values of the variable x1, x2, x3,....xn which satisfy all the constraints and also the non-negative conditions is called the feasible solution of the LP.

	

	b) The determination of the optimal solution from the feasible region. 

	 

	a) To determine the feasible solution of an LP, we have the following steps. 

	 

	Step 1: Since the two decision variable x and y are non-negative, consider only the first quadrant of xy-coordinate plane 
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	Draw the line ax + by = c                                                                         (1)

	 

	For each constraint,

	

	the line (1) divides the first quadrant in to two regions say R1 and R2, suppose (x1, 0) is a point in R1. If this point satisfies the in equation  ax + by c or ( c), then shade the region R1. If (x1, 0) does not satisfy the inequality, shade the region R2.

	 

	Step 3: Corresponding to each constant, we obtain a shaded region. The intersection of all these shaded regions is the feasible region or feasible solution of the LP. 

	 

	Let us find the feasible solution for the problem of a decorative item dealer whose LPP is to maximize profit function. 

	 

	Z = 50x + 18y                                                                                            (1)

	

	Subject to the constraints
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	Step 1: Since x[image: image6.png]


0, y[image: image7.png]


0, we consider only the first quadrant of the xy - plane 

	 

	Step 2: We draw straight lines for the equation 

	 

	2x+ y = 100                                                                                                (2)

	

	x + y = 80 

	 

	To determine two points on the straight line 2x + y = 100 

	 

	Put y = 0, 2x = 100 
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x = 50 
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(50, 0) is a point on the line (2)

	 

	put x = 0 in (2), y =100
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(0, 100) is the other point on the line (2)

	 

	Plotting these two points on the graph paper draw the line which represent the line 2x + y =100. 
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	This line divides the 1st quadrant into two regions, say R1 and R2. Choose a point say (1, 0) in R1. (1, 0) satisfy the inequality 2x + y [image: image12.png]


100. Therefore R1 is the required region for the constraint 2x + y [image: image13.png]


100.

	

	Similarly draw the straight line x + y = 80 by joining the point (0, 80) and (80, 0). Find the required region say R1', for the constraint x + y [image: image14.png]


80. 

	

	The intersection of both the region R1 and R1' is the feasible solution of the LPP. Therefore every point in the shaded region OABC is a feasible solution of the LPP, since this point satisfies all the constraints including the non-negative constraints.

	 

	b) There are two techniques to find the optimal solution of an LPP.

	 

	Corner Point Method

	

	The optimal solution to a LPP, if it exists, occurs at the corners of the feasible region.

	 

	The method includes the following steps 

	 

	Step 1: Find the feasible region of the LLP. 

	

	Step 2: Find the co-ordinates of each vertex of the feasible region.

	 

	These co-ordinates can be obtained from the graph or by solving the equation of the lines. 

	

	Step 3: At each vertex (corner point) compute the value of the objective function.

	

	Step 4: Identify the corner point at which the value of the objective function is maximum (or minimum depending on the LP)

	 

	The co-ordinates of this vertex is the optimal solution and the value of Z is the optimal value 

	 

	Example: Find the optimal solution in the above problem of decorative item dealer whose objective function is Z = 50x + 18y.

	 

	In the graph, the corners of the feasible region are 

	 

	O (0, 0), A (0, 80), B(20, 60), C(50, 0) 

	 

	At (0, 0) Z = 0 

	

	At (0, 80) Z = 50 (0) + 18(80)

	 

	=  1440

	

	At (20, 60), Z = 50 (20) +18 (60)

	 

	= 1000 + 1080 = Rs.2080

	 

	At (50, 0) Z = 50 (50 )+ 18 (0)

	 

	=  2500.

	 

	Since our object is to maximize Z and Z has maximum at (50, 0) the optimal solution is x = 50 and y = 0.

	 

	The optimal value is 2500.

	 

	If an LPP has many constraints, then it may be long and tedious to find all the corners of the feasible region. There is another alternate and more general method to find the optimal solution of an LP, known as 'ISO profit or ISO cost method'

	

	ISO- PROFIT (OR ISO-COST)

	 

	Method of Solving Linear Programming Problems

	 

	Suppose the LPP is to 

	 

	Optimize Z = ax + by subject to the constraints
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	This method of optimization involves the following method.

	 

	Step 1: Draw the half planes of all the constraints

	 

	Step 2: Shade the intersection of all the half planes which is the feasible region.

	 

	Step 3: Since the objective function is Z = ax + by, draw a dotted line for the equation ax + by = k, where k is any constant. Sometimes it is convenient to take k as the LCM of a and b. 

	 

	Step 4: To maximise Z draw a line parallel to ax + by = k and farthest from the origin. This line should contain at least one point of the feasible region. Find the coordinates of this point by solving the equations of the lines on which it lies.

	 

	To minimise Z draw a line parallel to ax + by = k and nearest to the origin. This line should contain at least one point of the feasible region. Find the co-ordinates of this point by solving the equation of the line on which it lies. 

	 

	Step 5: If (x1, y1) is the point found in step 4, then 

	 

	x = x1, y = y1, is the optimal solution of the LPP and 

	 

	Z = ax1 + by1 is the optimal value. 

	 

	The above method of solving an LPP is more clear with the following example.

	 

	Example: Solve the following LPP graphically using ISO- profit method.

	 

	maximize Z =100 + 100y. 

	 

	Subject to the constraints 
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	Suggested answer:

	 

	since x[image: image23.png]


0, y[image: image24.png]


0, consider only the first quadrant of the plane graph the following straight lines on a graph paper 

	 

	10x + 5y = 80 or 2x+y =16

	

	6x + 6y = 66 or x +y =11 

	 

	4x+ 8y = 24 or x+ 2y = 6 

	 

	5x + 6y = 90

	 

	Identify all the half planes of the constraints. The intersection of all these half planes is the feasible region as shown in the figure. 
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	Give a constant value 600 to Z in the objective function, then we have an equation of the line 

	120x + 100y = 600                                                                  (1)

	 

	or 6x + 5y = 30 (Dividing both sides by 20)

	 

	P1Q1 is the line corresponding to the equation 6x + 5y = 30. We give a constant 1200 to Z then the P2Q2 represents the line.

	 

	120x + 100y = 1200 

	 

	6x + 5y = 60

	 

	P2Q2 is a line parallel to P1Q1 and has one point 'M' which belongs to feasible region and farthest from the origin. If we take any line P3Q3 parallel to P2Q2 away from the origin, it does not touch any point of the feasible region. 

	 

	The co-ordinates of the point M can be obtained by solving the equation 2x + y = 16 

	 

	x + y =11 which give 

	 

	x = 5 and y = 6 
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The optimal solution for the objective function is x = 5 and y = 6

	 

	The optimal value of Z 

	 

	120 (5) + 100 (6) = 600 + 600 

	 

	= 1200


